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Abstract. The following notions related to probabilistic metric spaces have been mentioned in the first section of

this research article.

(1) Commuting Self Maps,

(2) Weakly Commuting Self Maps,

(3) Compatible Self Maps,

(4) Weakly Compatible Self Maps,

(5) Occasionally Weakly Compatible Self Maps.

While mentioning the above stated concepts, it has been also proved that each pair of self maps satisfies the conditions
of its successor, but none of the reverse implication is true. Examples are provided to illustrate these ideas. In the
main results, some common fixed point theorems using contractive conditions of integral type in the probabilistic

metric spaces are established. An example is presented to validate the results.
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S. L. Singh, B. D. Pant [23] extended the definition of weakly commuting pair of self maps to probabilistic
metric space, S. N. Mishra did the same for compatible pair of self maps [13], B. Singh, S. Jain [22] extended
the definition of weak compatibility to probabilistic metric spaces and proved a number of fixed point theorems
in this space. H. Chandra, A. Bhatt [3] extended the concept of occasionally weak compatibility to probabilistic
metric space. Recently, Chandra and Bhatt [3] proved common fixed point theorems for a pair of occasionally
weakly compatible maps in probabilistic semi-metric space. Sastry et al. [17] improved the results of Chandra
and Bhatt [3]. A good number of interesting and significant results have been obtained by various authors in this
direction [2,4,7,10,11,14,16]. Sunny Chauhan et al. obtained the fixed point theorems in probabilistic metric space
by using contractive condition of integral type [6]. In this paper we establish unique common fixed point theorems
for occasionally weakly compatible self maps in probabilistic metric space using a contractive condition of integral

type.

2. Preliminary notes

Definition 2.1 ([15]). A mapping F : R — R is said to be a distribution function if it is non-decreasing and left
continuous with inf;cr F(t) = 0 and sup, g F(t) = 1.

Example 2.2 ([15]). The function defined by

0, ifr<0

H(t) =
1, ifr>0

is a distribution function.

One more example of distribution function is mentioned ahead. For any two distribution functions F and G, by
F(t) < G(t), we mean value of F is less than the value of G atall r € R. Similarly we can define what we mean by
F(¢) > G(¢t) and F(t) = G (). We shall denote by J the set of all distribution functions defined on [—0c0, c0].

Definition 2.3. I X is a non-empty set, then I : X x X — J is called a probabilistic distance on X. The value of
I (x, y) is usually denoted by Fy ,(t),t € R.

Definition 2.4 ([15]). The ordered pair (X, I) is called a probabilistic metric space if X is a nonempty set and T
is a probabilistic distance on X satisfying the following conditions for all x,y,z € X and s,t > O:

1) Fyy(t)=1forallt >0& x =y,

2) Fx,y(o) = O,

3) Fx,y(t) = Fy’x(t),

4) if Fyy(t) = Land Fy ;(s) = 1 then Fy ,(t +5) = 1.

If we take Fy (1) = H(t — d(x, y)) in the definition 2.4, we get a usual metric space (X, d) [15]. It is clear that
the probabilistic metric spaces are wider spaces than the metric spaces and are better suited for statistical situations.

Definition 2.5. Let (X, ') be a probabilistic metric space. Two self maps f and g of X are said to commute if
Frexgrx = 1 forall x € X. That is self maps f and g of X are said to commute if fgx = gfx forall x € X.

Example 2.6. Clearly an identity map on X commutes with all the maps on X.

Example 2.7. Consider the functions f(x) = 2x and g(x) = 3x. Then we have fg(x) = f(3x) = 2(3x) = 6x
and gf (x) = g(2x) = 3(2x) = 6x. Therefore Fygx ¢rx = Fox,6x = 1 and so f and g commute with each other.

Definition 2.8 ([23]). Let (X, d) be a probabilistic metric space. Then the self maps f and g of X are said to be a
weakly commuting pair if Fex ofx = Frx gx for x € X. Note that Feyx ofx = Frx gx imply probabilistic distance
between fgx and gfx is greater that or equal to the probabilistic distance between fx and gx.



Some common fixed point theorems in probabilistic metric space 83

Clearly commuting mappings f, g are weakly commuting because then fg(x) = gf(x) and thus Frgy orx =
I > Fyy gx forall x € X. But the converse is not true as is revealed by the following example.

Example 2.9. Consider the probabilistic metric space (X, I'), where X = [0, oo) and

e i >0
Fx,y(t) = i
0, if t=0.
Consider the functions f(x) = 3, g(x) = 5} defined on X. We observe that
X X
F8) = 8f O = | 752 — T
(44 x)(4 +2x)
)
<
144 2x
e X
T2 24x
=[fx —gx|
Thus
X X X X
442x 4+x 2 24x
or
X X X X
442x 44x 2 2+4+x

Therefore we get,

|L — L|
4+4+2x 4+x )
t

5 -2
Z exp (_%)

Frex,gfx = €xp (—

That is the functions f, g are weakly commuting. However fg(x) = f(55) = %= = o = T and
gflx) = g(%) = % = 71 Thus fg(x) # gf(x) and therefore the functions f, g are not commuting.
(3

Gerald Jungck introduced the notion of compatible mappings over the weakly commuting mappings in metric
space. S. N. Mishra[13] extended the same to probabilistic metric space as follows.

Definition 2.10 ([13]). Self mappings f and g of a probabilistic metric space (X, I') are compatible if and only if
limy, 00 Frgx,,gfx, = 1 whenever {x,}3° | is a sequence in X such that lim,_, oo fx, = lim, . gx, = x for some
xeX.
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Remark 2.11. Any weakly commuting pair of self maps is compatible. We observe this as follows. Suppose
f, g are weakly commuting mappings on a probabilistic metric space (X,I'). Then we have Frgyorr >
Fpygx. Let {x,}°0, be a sequence in X such that lim, . f(x,) = lim, . g(x,) = x for some x € X.
Consider limy, 00 Frox,,efx, = My oo Fry, ox, = Fxx = 1. But as sup, , Frex, ¢fx, = 1 we must have
limy, o0 Frgx,,gfx, < 1. This imply lim, o Ffgx,,efx, = 1. Thus the pair f, g is compatible.

But the converse may not be true. That is the pair of compatible mappings on a probabilistic metric space may or
may not be weakly commuting. This is illustrated in the following example.
Example 2.12. Consider the probabilistic metric space (X, I'), where X = [1, co) and

eyl
e 1, ift>0

0, if t=0

Fx,y(t) = {

Consider the functions f(x) = cosh(x) and g(x) = sinh(x) defined on X. Then f and g are compatible. (In this case

the condition of compatibility is vacuously satisfied because there is no sequence {x,},2 | for which the sequences

{cosh(x,)}72 | and {sinh(x,)} 2, converge to an element x of X). Now we see that,

| cosh(sinh(x)) — sinh(cosh(x))| > | cosh(x) — sinh(x)]
= —| cosh(sinh(x)) — sinh(cosh(x))| < —|cosh(x) — sinh(x)]

We can see that | cosh(sinh(x)) — sinh(cosh(x))| > | cosh(x) — sinh(x)| from the following figure.

|cosh(sinhx)—sinh(coshx)|

|coshx—sinhx|

1 2

Figure 1. Graph showing | cosh(sinh(x)) — sinh(cosh(x))| > |cosh(x) — sinh(x)| on X = [1, c0)

So we get

N cosh(sinh(x)) — sinh(cosh(x))l)

Frex,gfx = exp ( p

( | cosh(x) — sinh(x)l)
<exp|—

t

Thus the functions f and g are not weakly commuting.

Definition 2.13 ([22]). Let (X, I') be a probabilistic metric space. Then x € X is called a coincidence point of two
self maps f and g if fx = gx. We call w = fx = gx a point of coincidence of [ and g.

Definition 2.14 ([22]). Two self maps f and g of a probabilistic metric space (X, T') are said to be weakly
compatible if Frgy orx = 1 whenever fx = gx for x € X.
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Remark 2.15. Every pair of compatible maps on probabilistic metric space is weakly compatible. Indeed, suppose
f and g are compatible self maps of a probabilistic metric space (X, I"). Suppose x € X be a coincidence
point of f and g, that is fx = gx. Consider the sequence {x,}7>, = {x}°2, = {x,x,...}. Then clearly
lim, o0 f(xy) = limy 00 f(x) = f(x) and lim, 0 g(x,) = lim, 00 g(x) = g(x). Butas f(x) = g(x) € X,
we have lim,—« f(x,) = lim,— o g(x,;) and the limit exists in X. So by compatibility of f and g, we have
limy, 00 Frex,.gfxy = Frex,gfx = 1. Thus f, g are weakly compatible. But the converse may not be true as is shown
in the example below.

Example 2.16. Consider the probabilistic metric space (X, I'), where X = [0, 20] and

e, it >0
Fx,y(t) = .
0, if t=0
Define f, g on X as follows:
0, if x=0

fX)=3x+7, if0<x<7
x—7, if 7<x <20

[0, if x=0

glx)y=145, f 0<x<7
0, if 7<x<20

Let {x,}02, = {7+ %}Zozl be the sequence of points in X. Then f(x,) = f(7+ 1) = (7+2)-7 =1

n
and g(x,) = g(7 + %) = 0. Thus lim,_ o f(xz) = lim,_ 00 g(x,) = 0. But limy, 00 Frex,,efx, = iMoo
Fo5 =e” = e 7 # 1 for all # € R. Thus f, g are not compatible on X. However f, g are weakly compatible

because they commute at their coincidence point x = 0, because f(0) = g(0) =0, fg(0) = gf(0) = 0.

Definition 2.17. Let (X, I') be a probabilistic metric space and f, g are self maps of X. Then f, g are said to be
occasionally weakly compatible (owc) if there exists at least one point x € X which is a coincidence point of f and
g and at which they commute, that is, there exists x € X such that fx = gx, fgx = gfx.

Remark 2.18. Clearly every weakly compatible pair of maps is owc. The following example shows that the owc
pair of self maps may not be always weakly compatible. Thus the notion of occasionally weakly compatible mappings

is more general than the notion of weakly compatible mappings.

Example 2.19. Let (X, I') be a probabilistic metric space, where X = R and

e i >0
Fx’y = .
0, if t=0

Define f,g : X — X by f(x) = 5x and g(x) = x? for all x € X. Then f(x) = g(x) for x = 0,5.
But fg(0) = gf(0) =0and fg(5) = 125 # 625 = gf (5). Thus f, g are owc maps but not weakly compatible.

There are many fixed point results related to the probabilistic metric spaces. We refer to some of them as follows.

Lemma 2.20 ([5]). Let (X, T') be a probabilistic metric space and f, g are occasionally weakly compatible self
maps of X. If f, g have a unique point of coincidence w = fx = gx, then w is the unique fixed point of f and g.

The following result is obtained by Sunny Chauhan et al.
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Theorem 2.21 ([5]). Let (X, I') be a probabilistic metric space. Further let A, B, S and T be self maps of X and
the pairs (A, S) and (B, T) be each owc maps satisfying Fax py(¢(t)) = min {FSX,Ty (), Fax,sx(1), FBy,Ty(t)}
forall x,y € X andt > 0. Here the function ¢(t) : [0,00) — [0, 00) is onto, strictly increasing and satisfies
> ¢ (1) < oo forall t > 0, where " (t) denotes the n'" derivative of ¢ (t). Then there is unique point w € X
such that Aw = Sw = w and a unique point 7 € X such that Bz = Tz = z. Moreover, 7 = w, so that there is a
unique common fixed point of A, B, S and T.

Taking A = B and S = T in the above theorem 2.21 we get the following result due to Sunny Chauhan et al.

Theorem 2.22 ([5]). Let (X, I') be a probabilistic metric space. Further let A and S be self maps of X and the pair
(A, S) be owc satisfying Fax, ay(¢(t)) = min {FSX’Sy (1), Fax,sx(1), FAy,Sy(t)}for allx,y € X andt > 0. Here the
function ¢(t) : [0, 00) — [0, 00) is onto, strictly increasing and satisfies > e, ¢ (1) < oo forall t > 0, where
&M (1) denotes the n'" derivative of ¢ (). Then there is unique common fixed point of A and S.

Further taking A = B in the above theorem 2.21, we get the following interesting result.

Theorem 2.23 ([S]). Let (X, ') be a probabilistic metric space. Further let A, S and T be self maps of X and
the pairs (A, S) and (A, T) be each owc maps satisfying Fax ay(¢(t)) > min {st,Ty (t), Fax,sx(t), Fay,Ty (t)}
forall x,y € X andt > 0. Here the function ¢(t) : [0, 00) — [0, 00) is onto, strictly increasing and satisfies
22021 ¢(”) (t) < oo forallt > 0, where gb(”) (1) denotes the n'" derivative of ¢ (t). Then there is a unique common
fixed point of A, S and T in X.

The following results are due to Pant, B. D. et al.

Theorem 2.24 ([15]). Let (X, I') be a probabilistic metric space. Further let (L, A) and (M, S) are occasionally
weakly compatible maps in X satisfying

min{FLx,My(kt)a FSy,Lx(kt)} +y FSy,My(kt) = aFAx,Lx (t) + ﬂFAx,Sy(t)

forallx,y € X,k e (0,1),t >0, where0 <a,f <1,0<y <lsuchthata+p —y =1.Then L, A, M and S
have a unique common fixed point in X.

Theorem 2.25 ([15]). Let (X,T) be a probabilistic metric space. Further let (L, A) be occasionally weakly
compatible pair of maps in X satisfying

min{FLx,Ly(kt)a FAy,Lx(kt)} +y FAy,Ly(kt) = aFAx,Lx (t) + ﬂFAx,Ay (t)

forallx,y e X,ke (0,1),t >0, whereo <a,f <1,0<y <1lsuchthata +p —y = 1. Then L and A have a
unique common fixed point in X.

3. Main results
We extend the theorems 2.21-2.25 as follows.

Theorem 3.1. Let (X, I') be a probabilistic metric space. Let f, g, S and T be self maps of X and the pairs (f, S)
and (g, T) are each occasionally weakly compatible. If

Fpx.gy m(x,y)
/ $(s)ds > / $(s)ds )
0 0

for each x,y € X, where m(x, y) = min{Fsy 1y, Fsx, fx, Fry,gy, Fsx,gy, Fry,rx} and ¢ : [0,00) — [0,00) is a
Lebesgue integrable mapping which is mapping on each compact subset of [0, 0o) and such that for all € > 0,

/OE¢(s)ds > 0. 2)

Then there is a unique point w € X such that fw = Sw = w and a unique point 7 € X such that gz = Tz = z.
Moreover, 7 = w, so that there is unique common fixed point of f, g, S and T.
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Proof. Since the pairs (f, S) and (g, T) are each owc, there exists points x, y € X such that fx = Sx, fSx = Sfx
and gy =Ty, gTy = Tgy. We prove fx = gy. Suppose fx # gy. Therefore we obtain
m(x,y) = min{FSx,Ty: Fsx, x> Fry, gy, Fsx,gy> FTy,fx}
=min{Fyx oy, Frx fx> Fgy.gys Frrgys Fgy.fx)

=min{Fyy gy, 1}

= Frrgy ( sup  Frrgy =1= Fprgy < 1) 3)
fx,gyeX
From inequality (1) we get,
fo,gy m(x,y) fovg}’
/ ¢ (s)ds >/ ¢ (s)ds =/ ¢ (s)ds ()
0 0 0

This is a contradiction. Therefore fx = gy. Thus fx = Sx = gy = Ty. Moreover, if there is another point z such
that fz = Sz and fz # gy, then again inequality (1) imply a contradiction that

Fyzgy m(z,y) Ffzgy
[ s [ pwas = [ pwas )

Therefore we have fz = gy. It follows that fz = Sz =gy =Ty or fx = fz and Sx = Sz. So that there is unique
x € X such that fx = Sx. Let w = fx = Sx be the unique point of coincidence of f and S. By lemma 2.20 w is
unique common fixed point of f and S. Also there is unique point z € X such that z = gz = T'z. Suppose, w # z.
Then

m(w, Z) = min{FSw,Tz, FSw,fun FTz,gz, FSU),gz: FTz,fu)}
= min{Fw,za Fu),wa FZ,Za Fw,za Fz,w}

=min{Fy ;, 1}
=Fy; ( sup Fy; = 1) (6)
w,zeX
Using inequality (1), we get
Fy,z m(w,z) Fu,z
/ P(s)ds > / P (s)ds = P(s)ds. @)
0 0 0
This is a contradiction. Therefore w = z and w is a unique common fixed point of f, g, Sand T. O

Theorem 3.2. Let (X, I') be a probabilistic metric space. Let f, g, S and T be self maps of X and the pairs (f, S)
and (g, T) are each occasionally weakly compatible. If

Frxgy m(x,y)
/ ¢ (s)ds > h/ ¢ (s)ds. (8)
0 0

for each x,y € X, where h > 1, m(x, y) = min {Fsx 1y, Fsx, fx, Fry gy, 220300} and ¢ - [0, 00) — [0, 00)
is a Lebesgue integrable mapping which is mapping on each compact subset of [0, 00) and such that for all € > 0,

/Oegb(s)ds > 0. 9)

Then there is a unique point w € X such that fw = Sw = w and a unique point 7 € X such that gz = Tz = z.
Moreover, 7 = w, so that there is a unique common fixed point of f, g, Sand T.
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Proof. Since the pairs (f, S) and (g, T) are each owc, there exists points x, y € X such that fx = Sx, fSx = Sfx
and gy =Ty, gTy = Tgy. We prove fx = gy. Suppose fx # gy. Therefore we obtain

Fsx oy + Fry, fx ]

m(x,y) :min[FSx,Tya FSx,fx» FTy,gya )

Fregy + Fygy rx ]

= min [fo,gy» Frx, rxs Fgygys )

=min{Fyy gy, 1}

= Frxgy ( sup  Fyxgy = 1) (10)
fx.gyeX
From inequality (8) we get,
Frxgy m(x,y) Frx oy
/ ¢ (s)ds > h/ ¢ (s)ds = h/ ¢ (s)ds. 11
0 0 0

This is a contradiction. Therefore fx = gy. Thus fx = Sx = gy = Ty. Moreover, if there is another point z such
that fz = Sz and fz # gy, then again inequality (8) imply a contradiction that

Ffzey m(z,y) Frzgy
/ ¢ (s)ds > h/ ¢(s)ds = h/ ¢ (s)ds. (12)
0 0 0

Therefore we have fz = gy. It follows that fz = Sz =gy =Ty or fx = fzand Sx = Sz. So that there is unique
x € X such that fx = Sx. Let w = fx = Sx be the unique point of coincidence of f and S. By lemma 2.20 w is
unique common fixed point of f and S. Also there is unique point z € X such that z = gz = T'z. Suppose, w # z.
Then

FSu),gz + FTz,fw}

m(w, z) = min{FSw,Tz, Fsw, fw, Frz,67, 5

Fw,z + Fz,w}

Zmln{Fw,za Fw,ws FZ,Z) 2

= min{Fy, ;, 1}

=Fy; ( sup Fy ;= 1). (13)
w,zeX

Using inequality (8), we get

Fu,; m(w,z) Fu.;
A P (s)ds > h/o P(s)ds = h/o P(s)ds. (14)

This is a contradiction. Therefore w = z and w is a unique common fixed point of f, g, Sand T'. O

Definition 3.3. Let (X, I') be a probabilistic metric space. A Symmetric on X is a mapping R € I such that

1) Rey(t)=1forallt >0 x =y,
2) Rx,y(t) == Ry,x(t)forallx,y c X

Theorem 3.4. Let (X, ') be a probabilistic metric space with symmetric R. Let f, g, S and T be self maps of X
and the pairs (f, S) and (g, T) are each occasionally weakly compatible. If

Rix.gy m(x,y)
/ ¢ (s)ds > / ¢ (s)ds (15)
0 0
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foreach x,y € X such that fx # gy where,

m(x,y) = min{RSx,Tya RS)C,fXa RTy,gya RSx,gya RTy,fx}

and ¢ : [0, 00) — [0, 00) is a Lebesgue integrable mapping which is mapping on each compact subset of [0, 00)
and such that for all € > 0,

/()Eglﬁ(s)ds > 0. (16)

Then there is a unique point w € X such that fw = Sw = w and a unique point 7 € X such that gz = Tz = z.
Moreover, 7 = w, so that there is a unique common fixed point of f, g, Sand T.

Proof. Since the pairs (f, S) and (g, T) are each owc, there exists points x, y € X such that fx = Sx, fSx = Sfx
and gy =Ty, gTy = Tgy. We prove fx = gy. Suppose fx # gy. Therefore we obtain
m(x,y) = min{RSx,Tya Rsx, fx» RTy,gy, Rsx,gy, RTy,fx}
= min{Ryx gy, Ryx, fx> Rey.gys Ryx.gys Rgy. fx}

= min{R sy gy, 1}

= Ryxgy ( SUp  Rpxgy =1 = Ryxgy < 1) (17)
fx.gyeX
From inequality (15) we get,
fo,gy m(x,y) fo,gy
/ P (s)ds >/ P (s)ds =/ P (s)ds (18)
0 0 0

This is a contradiction. Therefore fx = gy. Thus fx = Sx = gy = Ty. Moreover, if there is another point z such
that fz = Sz and fz # gy, then again inequality (15) imply a contradiction that

Rfz ey m(z,y) Ryzgy
/0 P (s)ds >/O P (s)ds =/0 P(s)ds. (19)

Therefore we have fz = gy. It follows that fz = Sz =gy =Ty or fx = fzand Sx = Sz. So that there is unique
x € X such that fx = Sx. Let w = fx = Sx be the unique point of coincidence of f and S. By lemma 2.20 w is
unique common fixed point of f and S. Also there is unique point z € X such that z = gz = T'z. Suppose, w # z.
Then

m(wa Z) = min{RSw,Tz: RSU),fu), RTz,gz: RSU),gz, RTz,fw}
= min{Rw,z, Ru),un Rz,z: Rw,z, Rz,w}

= min{R, ;, 1}
=Ry | sup Ry,=1 (20)
w,zeX
Using inequality (15), we get
Ru,z m(w,z) Ru,z
/ P (s)ds >/ P (s)ds =/ P (s)ds. 21
0 0 0

This is a contradiction. Therefore w = z and w is a unique common fixed point of f, g, Sand T. O
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Theorem 3.5. Let (X, I') be a probabilistic metric space. Let f, g, S and T be self maps of X and the pairs (f, S)
and (g, T) are each occasionally weakly compatible. If

Rpx.gy m(x,y)
/ P(s)ds > h/ P (s)ds (22)
0 0

foreachx,y € X, where h > 1, fx # gy,

RSx,gy + RTy,fx
2

m(x, y) = min {RS)C,T_)U RSX,f)Ca RTy,gya

and ¢ : [0,00) — [0, 00) is a Lebesgue integrable mapping which is mapping on each compact subset of [0, 00)
and such that for all € > 0,

/0 ‘ $(s)ds > 0. (23)

Then there is a unique point w € X such that fw = Sw = w and a unique point 7 € X such that gz = Tz = z.
Moreover, 7 = w, so that there is a unique common fixed point of f, g, Sand T.

Proof. Since the pairs (f, S) and (g, T) are each owc, there exists points x, y € X such that fx = Sx, fSx = Sfx
and gy =Ty, gTy =Tgy. We prove fx = gy. Suppose fx # gy. Therefore we obtain

RSx,gy + RTy,fx ]
2

m(x,y) = min {RSX,T)U RSx,fx, RTy,gy,

: Ryrxgy + Rgy, rx
= min lfo,gya Ryx fx> Rey,gy )

=min{Rys, 4y, 1}

= Ryxgy ( sup Ryfxey = 1) (24)

fx.gyeX

From inequality (22) we get,

Ry gy m(x,y) Ryx.gy
/ ¢ (s)ds > h/ ¢ (s)ds = h/ ¢ (s)ds. (25)
0 0 0

This is a contradiction. Therefore fx = gy. Thus fx = Sx = gy = Ty. Moreover, if there is another point z such
that fz = Sz and fz # gy, then again inequality (22) imply a contradiction that

Ryzey m(z,y) Ryz ey
/ ¢(s)ds > h/ P (s)ds = h/ o (s)ds. (26)
0 0 0

Therefore we have fz = gy. It follows that fz = Sz =gy =Ty or fx = fz and Sx = Sz. So that there is unique
x € X such that fx = Sx. Let w = fx = Sx be the unique point of coincidence of f and S. By lemma 2.20 w is
unique common fixed point of f and S. Also there is unique point z € X such that z = gz = T'z. Suppose, w # z.
Then

RSu),gz + RTz,fu) }

m(w, z) = min [RSw,Tz, Rsw, fw, R1z,07 >

Ry +R
. 2 7,0
= min [Ru),z, Ry,w, Ryzy ———"—

2

=min{R, ;, 1}

= Ry,; ( sup Ry, = 1) 27
w,zeX
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Using inequality (22), we get

Ruy,z m(w,z) Ry,z
/0 P(s)ds > h/o P (s)ds = h/o P (s)ds. (28)

This is a contradiction. Therefore w = z and w is a unique common fixed point of f, g, Sand T'. O

Example 3.6. Let (X, I') be a probabilistic metric space, where X = [2, 20] and

[x—yl

e 7, ift>0
Fx,y(t)z i
0, if t=0
forall x,y € X.
Define f, S, g and T on X as follows.
2, if x =2,
fx) = ,
3, if 2<x<20

2, if x =2,
S(x) =
6, if 2 <x <20

[2, if x =2,
gx)y=146, if 2 <x <5,
2, if 5<x <20

2, if x =2,
T(x)= 1412, if 2 <x <35,
‘x—3, if 5 <x <20.

Let ¢(r) = ¢ fort > 0 and ¢(0) = 0. If we choose {x,}°2, = {5+ 1} . then limy_ o0 T (xy) = limy— oo
TS5+ 1) = limoo(5+ 1 =3) = 2and limsogtty = limse (5 + 1) = limy02 = 2.
But Tg(x,) = Tg(5+ 1) =T(2) =2and gT(x) = gT(5+ 1) = g5+ 1 -3) = g2+ 1) = 6. Thus
Tg(xy,) # gT(x,). So g and T are not compatible. But g(2) = 2 = T(2). Also Tg(2) = T(2) = 2 and
gT(2) = g(2) = 2. Thus g and T are occasionally weakly compatible. Now we show that inequality (1) is satisfied
for all x, y € X. We consider following four cases for x and y.

casel) 2 <x <5,2<y<5

case2) 2 <x <5,5<y <20
case3) S <x <20,2<y<5
cased) 5 <x <20,5<y <20

Consider the above four cases one by one.

Casel. 2 <x <5,2<y<5.
In this case

S—
3
=
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m(x,y) = min{FSx,Tya FSx,fxa FTy,gya FSx,gya FTy,fx}

= min {Fﬁ,lz, Fs 3, Fi2,6, Fe.6, F12,3}

_6 3 _6 _9
—mln{e r,e 1,e 1,1, e t}
_9
=e !
So that we get,
9 _9
m(x,y) e T 2\ 7 18
/ ¢(s)ds=/ sds = — =
0 2 2
0

Thus

Case2. 2 <x <5,5<y<20.

In this case

~l—

1
Frxgy Fin e 52 e ! e_%
/ @ (s)ds =/ sds =/ sds = — = .
0 0 0 2 o 2

m(x,y) = min{FSx,Tya FSx,fXa FTy,gya FSx,gya FTy,fx}

=min{Fe y_3, F6 3, Fy_32, Fo 2, Fy_33}

. b9 3 ly=5| 4 ly—6l
=minje 1 ,e 1 7
. n 3 _15 4 14
=minje 7,e f,e t,e t,e 1

= e_T

So that we get

Thus
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Case3. 5 <x<20,2<y<5.
In this case

Fpxgy F36 7 27" e_%
/ @ (s)ds =/ sds =/ sds = | — = .
0 0 0 2 0 2

m(x,y) = min{FSx,Ty: FSx,fx: FTy,gy, FSx,gy: FTy,fx}

~lw

=min{Fg 12, F6 3, F12,6, Fo,6, F12,3}

3
t

. _6 _6 _9
=m1n{e t,e t,e 1,1,e 1

So that we get,

Thus

Frxgy e~ e~ m(x,y)
/ $(s)ds = > = / & (s)ds.
0 2 2 0

Case4. 5 <x <20,5 <y <20
ds — 52 - _e_%
sds = 2 = 2
0

~l—=
~l—

In this case
fo,gy F3,2 e
/ ¢ (s)ds =/ sds =/
0 0 0

m(x, y) = min{FSx,Ty: FSx,fx: FTy,gy, FSx,gy: FTy,fx}

= min{Fg y3, F6 3, Fy_32, F6 2, Fy—33}

So that we get,

Thus

Frxgy e~ e~ T m(x,y)
/ ¢ (s)ds = > =/ ¢ (s)ds.
0 2 2 0

fo,gy m(x,y)
/ ¢(s)ds > / ¢ (s)ds
0 0

for all x,y € X and the condition (1) is satisfied. We see that x = 2 is the unique common fixed point of
f, g, SandT.

Thus we have

Taking f = g and S = T in the theorem 3.1 we get the following result.
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Corollary 3.7. Let (X, ') be a probabilistic metric space. Let f and S be self maps of X and the pair (f, S) be

occasionally weakly compatible. If
Fyx.fy m(x,y)
/ ¢ (s)ds > / ¢ (s)ds (29)
0 0

for each x,y € X, where m(x,y) = min{Fsyx sy, Fsx, rx, Fsy, fy, Fsx, fy, Fsy,fx} and ¢ : [0,00) — [0, 00) is a
Lebesgue integrable mapping which mapping on each compact subset of [0, 0o0) and such that for all € > 0,

/0 ‘ $(s)ds > 0. (30)

Then there is unique common fixed point of f and S.
If we take f = g in the theorem 3.1 we get the following interesting result.

Corollary 3.8. Let (X, I') be a probabilistic metric space. Let f, S and T be self maps of X and the pairs (f, S)
and (f, T) are each occasionally weakly compatible. If

Frx.fy m(x,y)
/ P(s)ds > / P (s)ds (3D
0 0

foreach x,y € X, where, m(x,y) = min{Fsy 1y, Fsx rx, Fry, ry, Fsx, fy, Fry,fx} and ¢ : [0, 00) — [0, 00) is a
Lebesgue integrable mapping which mapping on each compact subset of [0, 00) and such that for all € > 0,

/0 ‘ $(s)ds > 0. (32)

Then there is unique common fixed point of f, S and T.

Conclusion

Many of the concepts related to pair of self maps from metric space can be extended to probabilistic metric space.
Further fixed point theorems that use contractive condition of integral type also can be extended to probabilistic
metric space.
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